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A metric theory of gravitation is suggested which reduces to Einstein’s theory in the case of
vanishing matter. If matter is present, in the Lagrangian formulation of the theory the principle of
minimal coupling is given up by directly linking the matter variables to the curvature tensor. The
theory contains a free parameter of dimension length. It is considered not to be a universal constant
but a length characteristic for the mass of the material system described.

Results diverging from those of General Relativity are to be expected for regions with high cur-
vature i. e. especially for gravitational collapse and dense phases of the cosmos. An exact, static and
spherically symmetric solution with constant matter density is discussed; it indicates that, possibly,

gravitational collapse is avoided.

1. Introduction

Einstein’s theory of general relativity represents
both a theory of gravitation and a framework for
macroscopic theories of matter. In the Lagrangian
formulation the field equations derive from a varia-
tional principle with scalar Lagrangian density:

L=Lr+2xLy 1)
where =87 G/c* is the coupling constant and *
Lr=V gk (2)

describes the gravitational field while
Lu=V=gLu (gu,uw'ute.) (3

is the matter part of the Lagrangian. u! denotes the
variables of matter and matter fields (4 is a global
index). By variation of the action integral with
regard to the metric and the variables u* the field
equations of gravitation and of matter follow.

The important point, here, is the prescription for
obtaining Ly from the Lagrangian of the corre-
sponding material system in special relativity:
Replace, in the special relativistic Lagrangian
Ly (,1,u?,ul, ) the Minkowski metric 7,; by
the Riemannian metric g,; and the partial derivative
0/dz* by the covariant derivative with regard to
.2 This prescription guarantees that, in each event,
a coordinate system (geodesic coordinates) can be
found in which the general relativistic theory re-
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* Greek indices run from 0 to 3, Latin indices from 1 to 3.
Sign (gx1) =—2. For the definition of Rag,s and R.° the
sign conventions of Eisenhart ! are used.

duces to the expressions of special relativity. This
procedure is considered an expression of the prin-
ciple of minimal coupling®. The gravitational field
described by g,; is coupled to the matter variables
u via ¢,; and g,;,, only, not via second derivatives.

In the opinion of many relativists the principle of
minimal coupling is a necessary consequence of the
strong equivalence principle by the following line of
reasoning. The strong equivalence principle states
that, in a local inertial system, the physical laws
hold as formulated in special relativity theory. The
local inertial system is identified with the geodesic
coordinates. As far as the equivalence principle is
supported by, for example, the free fall experiments
of E6tvés, Renner, Dicke and Braginsky 3 ¢ the prin-
ciple of minimal coupling is a sine qua non con-
dition for any theory describing the interaction of
matter and gravitation.

As direct consequence of minimal coupling we
may take the equation for the matter tensor 7%

Taﬂ;ﬁ =0 (4)
following from Einsteins field equations
G = — T+ (5)

and the contracted Bianchi identities. In a local in-
ertial system, it coincides with the special relativistic
conservation laws for energy and momentum
T# 4=0. Replacements of the type suggested, for
example, by Rastall ® of Eq. (4)

T p=2 R g% (6)

violate the formulation of the equivalence principle
given above S.
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Nevertheless, some doubts seem to be permitted
as to this line of arguments. The high-precision mea-
surements backing the equivalence principle have
all been made outside of matter. In fact, with a few
exceptions ¥ 78, it is rarely touched upon what
meaning Einstein’s thought experiment with the
freely falling elevator has within macroscopic mat-
ter. Also, in the derivation of Eq. (4) from kinetic
theory ? [without use of the field equations (5)] it
is tacitly assumed that the principle of minimal
coupling holds.

In view of the many theories of gravitation de-
vised which contain additional geometrical objects
(scalar fields, tetrads etc.) or even leave the frame-
work of Riemannian geometry, it many be worth to
investigate theories of the type of General Relativity
in which the principle of minimal coupling is given
up, provided that those results of Einstein’s theory
supported strongly by observation and experiment
are regained.

A class of such theories is suggested in Sect. 2
and narrowed to one single theory whose field
equations are then derived. In Sect. 3 the case of an
ideal fluid matter distribution is studied. In Sect. 4
the point particle approach to matter is dealt with,
briefly. The Newtonian approximation of the theory
is treated in Sect. 5 while Sect. 6 is devoted to
spherically symmetric, static gravitational fields. An
exact solution for constant energy density is dis-
cussed. In a concluding section we give an outlook
on further possibilities of breaking the principle of
minimal coupling.

2. A Theory of Gravitation without Minimal
Coupling

We set the following guideposts for the construc-
tion of a theory without minimal coupling:

1) The field equations ought to be second order
partial differential equations for g,; and to follow
from a variational principle.

2) The variables of matter (matter fields) are
coupled directly to the curvature tensor. This is to
be done in a way independent of any specific mate-
rial system (universal coupling).

3) If Ly =0, i. e. if no matter is present, the field
equations ought to coincide with the Einstein vacu-
um field equations.

4) If R%,s=90, i.e. if no permanent gravitational
fields are present, then, in each event, the special
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relativistic conservation law T ;=0 ought to fol-
low.

Of course, these assumptions cannot determine
the Lagrangian of the theory. Detailed investiga-
tions will have to show which if any of the various
possibilities is most preferable. We now replace the
Lagrangian density (1) by

L=LF +22A(R%,) Ly (7)

where, as in Eqgs. (2), (3)
Ly=V—gR,=V—-gR
Ly=V—gLy(g.,u' u,..)
while 4 (R%,;) is a scalar function of the (fourteen)
scalar invariants of the curvature tensor satisfying
A0)=1. (7)
A simple choice for A4 makes it a function of the
Ricci scalar R alone:

A(R%,5) =A(R) . (8)

The variation of the Lagrangian (7) with respect to
Jup leads to
OL =0Lp+ 25 (A Ly +A0Ly)
where, with Eq. (8)
LydA=V—g[—A LyR’
+ (A Ly) 2 (97 97 — 972 g"7) ] 0g.

+ divergence terms 9)

and A":=dA/dR. Leaving aside the divergence
terms, the field equations become:

GF=—_x[AT* +2A4 Ly R
—2(A" Ly) ;i1 (g g% — g g')] .
Here, T : = (— 2/1/7—;‘9) (31:;1/4(3‘%3 is the energy-

momentum tensor of Einstein’s theory.
In order to obtain second order equations we put

A=1+el@R, e¢==*1; (8)

(10)

[y is a constant of dimension length which we inter-

pret to characterize the mass of the matter distribu-

tion (see below and Section 5). The sign factor ¢

is left undetermined, at this stage. To this extent [,

cannot be fitted arbitrarily to observational data.
With (8) we arrive at the field equations

Cl/?: _x@.‘lﬂ (11)
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with the new energy-momentum tensor of matter:
O : = (1+¢l,2 R) T (12)
+2el2Ly R¥ —2¢l? Ly...; (g g — g g*) .

For notational convenience we introduce 4: =¢1l* .
From Eq. (11)

Ozﬂ;;‘?:O (13)

which, if expressed in terms of the energy-momen-
tum tensor and the matter Lagrangian of Einstein’s
theory, reads as

T# 3= —[log(1+el® R)] 5 T*
—Ly[log(1+l*R)] 5 9% .

There is no unusual ambiguity in this definition of
the new energy-momentum tensor ©*. The obvious
choice is to take the r.h.s. of the field equations
which directly results from the variation

(—2/V —9) 8(L— L) [0gus

except for the dropping of divergence terms. How-
ever, the name may appear strange as ©* now
contains the Ricci tensor explicitely. This reflects
the violation of minimal coupling. In the present
theory of gravitation it is even more difficult to
separate out material sources and gravitational field
than in General Relativity.

In a local inertial system, ©®* does not reduce to
the special relativistic energy-momentum tensor of
matter. On the other hand one can remove the Ricci
tensor from the r.h.s. of the field equations (11) by
contracting them, i. e. with the help of

R= (l —/1Tn,.,—2/‘.LM)YI[ZTG,,—6/‘.LA\/_0;,_,] .

(14)

(15)

The resulting expression is:

OF=(1+21Ly) !
(1 =22 Ly—ATo) YT [ —»(1—27Ly)
+64i2Ly’,] —%4LyT, g*
+2A(L+ALy—4iTe,)Ly"., g}
—22(14+22Ly) 1 Ly2#.

(12)

In the limit 2 =0 the new theory coincides with Ein-
stein’s theory of gravitation. Z = 0 means that matter
does not gravitate but is considered in the test mass
limit, only.

From Eq. (8) it is clear that the results of the
new theory will not diverge much from those of Ein-
stein’s if |ey2 R%,| <1. For an estimate we use
the Schwarzschild vacuum solution (which is an
exact solution for both theories) to obtain [? r, < a*
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where a is the radius and r,=2G M ¢! the Schwarz-
schild radius of the gravitating object. We now put:

(16)

lo=rs.

Thus, for ordinary stars and white dwarfs, but not
for neutron stars and collapsing objects the results
of the new theory should be the same as in General
Relativity.

3. Gravitating Ideal Fluid

In order to apply the preceeding theory we start
from the special relativistic Lagrangian for an
ideal fluid. The fluid is described by its rest mass
density o, its internal energy density e(p), its total
energy density F (o) with F=p[c®+e(0)]=:0y
and its 4-velocity u®. Upon these matter variables
the following constraints are imposed

E=n,uut, (17 a)
(17b)

With Ray !® we add the constraint equations to the
matter Lagrangian:

0=(ou”).,.

Ly=—-F (18)
by means of Lagrangian multipliers 4, 45:
Ly +2y(naw*u*—c®) +2;(0u”) . .

Transition to the Lagrangian of the new theory, ac-
cording to Eq. (7) leads to
L=V —g[R\—2%( +el2R,)F

+ 4y (g vt — ) + 23 (0u?) .,] . (19)
Direct variation with regard to g.z, u% 0, 4; and 2,
and elimination of the multipliers brings back the
constraint

Jopuw*w =c* (20 a)
the conservation of rest mass
(0u) ;=0 (20b)
the equations of motion:
u*—c2h, [logF'(1+¢l2R)]° =0 (21)

where F'=dF/do and the field equations
Gl = —nuuruf +u= gf) —p hof + TT°F] . (22)

Here, « is the total energy density of matter mea-
sured by u?, p the isotropic pressure *, ¢* the energy

* The notation is such that p:=o0 F'—F is the isotropic
pressure of General Relativity.
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flux relative to u® and II* the anisotropic pres-
sure 11, With hy*: =0,* — ¢ 2u®ug one finds:

f=c"2(1—=21F) \[F+2ix1h*#F .;],

(23 a)
p=(1-2iF+310F)!

‘[oF (1—-2F)(1=24iF)~1—F]

+3x 1A (1—20F) " h#F ..y (23b)

_2x14(1—-24F+340F)"1F7,,
(23 ¢)
(23 d)

¢@=21(1-2AF)" h2F7,  u*,

I =22 (1—-2iF)"thoh?t
. (g’“’g’”—%gﬂgm) F,o:r .

It is checked easily that Eqs. (23 a—d) are obtained
from Eq. (16) by putting Ly= —F while Egs.
(20b), (21) follow from Equation (14).

Due to the non-minimal coupling of matter and
curvature the gravitating fluid no longer is an ideal
fluid, in general. Also, the restriction @ +c¢ 2p>0
does not follow from F+ ¢ 2p>0. It seems ob-
vious that the thermodynamics of a gravitating sys-
tem in a theory without minimal coupling will be
more complicated than in Einstein’s theory. Fortu-
nately, as shown below, for static and spherically
symmetric (as well as for homogeneous and iso-
tropic) matter sources ¢*=I1*/ =0.

4. Gravitating Point Particles

Often, as for example in kinetic theory, instead
of the continuum description of matter the point
particle approach is needed. In order to obtain, in
the present theory, the equations of motion for NV
gravitating (monopole-) point particles of masses m;
whose worldlines are given by a?=a7(4;) (4; an
arbitrary parameter) we start from the Lagrangian:

N +~ o
Ly=—2 [dhV —gg., @ ()0 x—a;(4)] (24)
i=1 -
from which
N +n~

1= 3 [alime () 4z —a(2)] (25)
i=1-00
with L
met=VY —gimeh.

Now, from Eq. (14) written for a tensor density,
by a well known method 2

u @\ =1/2
da;* da; ) (26)

i =y G 5 P
‘ /(_(],1 (]/.,- dz;
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where m; are constants of integration. Introduction
of proper time s; in place of Z; leads to the equations
of motion **

- (qural) = o llog (L+ek# R(a)] . (27
In Eq. (27) gus(a/) is the gravitational field gen-
erated by all NV particles taken at the position of the
i-th particle. The equation of motion could have
been obtained directly from Eq. (21) by letting
F',’~p,“=0. Thus, in the present theory, gravi-
tating monopole particles do not follow geodesics.
Only for test particles this result of Einstein’s theory
is retained.

5. Newtonian Approximation

We want to know the conditions by which the
theory of gravitating matter discussed here allows a
Newtonian approximation. By calculating, for the
metric

0= [1+2c2 (2] 22 — [1-2c 2 (al)]
L@+ () 4 (822 (28)
the Lh.s. and r.h.s. of the field equations (22) up to

terms of order ¢/c?=>v%/c® i.e. by assuming as
usual that

pltoF <F, @[ (oF —F)<oF -F
we arrive at the set of equations:

—(2))Ap=(1-22F) "[—=F-21Fi,].

(29 a)

0=(1-2iF) '(1-2iF+3i0F) '  (29b)
‘[—x(oF —F)+1x(2F—9oF)],

0=—22(1-22F)"1Fi, with i+Fk. (29 ¢)

In order to obtain a meaningful result we must
impose the condition:

I2F . <F. (30)

Taking into account that, in lowest order, the pres-
sure p is small as compared to the energy density
we can interpret Eq. (30) as saying that the length
D characteristical for the change of the density of
rest mass D = (0/40)V? is large with regard to [,.
With Eq. (16) D> r, which again is violated only
for neutron stars and collapsing objects.
If, in addition to Eq. (30)

122 F<1 (31)

** In this section, units have been chosen such that c=1.
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then the Poisson equation dp =47 G ¢ is obtained.
Equation (31) implies that the rest mass density 0
of the gravitating body remains small as compared
to the energy density %71 [;72 ¢~ 2 Putting the gravi-
tational radius of objects in place of [, one con-
cludes that for stars, white dwarfs and planets con-
dition (31) is satisfied.

6. Static, Spherically Symmetric Gravitating
Fluids

In order to investigate the consequences of the
theory suggested in Sect. 2 for gravitational col-

Ro.,=(1—-21F+340F)1 {4zF—3xQF'—6/'.e*2”
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lapse * we study the case of gravitating fluids with
a static and spherically symmetric gravitational

field:

g:" = e 2 de> — e dr? — 2 dw? .

(32)

From Eq. (20b) F=F(r) immediately, while
Eq. (21) can be integrated to give:

a(r) +log[F'(1+¢l2R%,)] =aqa, (33)
with «; a constant.
From Eq. (15), in this case:
L 2\dF | &F
(a—ﬂ—}-r)dr—Fdrz“. (34)

Combination of Eqs. (33) and (34) leads to a first order differential equation for either a(r) or f(r), i.e.

’ . i oy " e dF F -
e"=e’F(1—2/»F+3AQF)”1{1+2/~F—6/ﬁxle"/’[(a-ﬂ+%) +d }} (35)

The relevant field equations are **:

r2[r(e¥-1)) = —xF(1—21F) 1 4+21(1-21F) 1e % [(3 ﬁ')%-i-*]

and

r2(e=¥_1) +2e“2ﬂ£1; —(1-2iF+3ioF) 1 (1—2iF)1

-{n@F'(l_zF) —xF(1—2iF) +2ie % (1—2iF) (a'+ s

It seems not difficult, in principle, to extract a(r),
f(r) and F(r) from these coupled equations. How-
ever, I have not yet been able to formulate the
analogue of the Landau-Oppenheimer-Volkoff equa-
tion, in general.

In order to see qualitatively what will happen the
crudest model possible is considered. This means
taking constant rest mass density 0=0,. Due to

dF/dr=F(do/dr) =0 the field equations reduce to
Gl=r2[r(e®#-1)]"=—=xF(1—-2AF)"1, (38)

’

Gl =CGR2=GP=r2(e%#_1) 42 %L
r
=x#(1—AF+319,F)"1(1-24F)1
“[0gFF(A—AF)—F(1-22F)]. (39)
Also dR’.,/dr =0. Thus Eq. (33), after differentia-

tion, leads to the same equation as known from Ein-

* The singularity theorems of Hawking and Penrose 13 can-
not be applied in the theory without minimal coupling
because the inequalities for the Ricci tensor used in the
proof do not now follow from the energy inequalities.

** The prime on all quantities except F stands for d/dr.

atae
d2F

r a=| 9

(37)

2\ dF X d2F dF
e 2 G’ RO - (il
)dr bepde (dr2 dr)}'

stein’s theory:

dp da

=T [p+0,(c2+e(o0p))] .

Again, p =0,%(de/do,) is the pressure as defined in

General Relativity. Integration of Eq. (38) for e~%

and substitution of e~% and da/dr from Eq. (40)

into Eq. (39) results in:

dp ro. 1

dr ~—  2L%uy, 1- (r/L)2
C(ug+p) [Bp+ue(1+424uy)]

1+Auy+34p

(40)

(41)

where
uy:=09[2+e(og)], L2:= ;;u(,(l—2lu0)_l .
In place of p the pressure p as defined by the r.h.s.

of Eq. (39) is introduced. With z:=p(1 —2 Zu,)
we obtain the equation

dz r 1
& T 20w (1 (/D) e
(1—Z2uy—372) (ug+2) (ug+32)

1+272u,
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whose integration leads to

Atzug !t (l —34z/(1—Zu) )2'.'"'

1+3zu,7! 1+3zuy ! (43)
B (} :az/g)f-z
S \1-r¥L?

0r<a.

where

At the edge of the star, i.e. for r=a, p=0 is
assumed. For 4=0 the expression for p(r) of the
internal Schwarzschild solution is obtained. For
4 #0, in contrast to the situation in General Rela-
tivity, the central pressure p(0) in the star remains
finite if the signfactor ¢ occuring in Z is chosen to
be positive and Auy<1 as was assumed. In fact,
p(r) remains bounded. This seems to indicate that
gravitational collapse possibly can be avoided.

While the metric coefficient €’/ is given by

e — (1 —r2/L2) 1 (44)

€’ is determined implicitely through Eqgs. (40) and
(42). The exact solution thus obtained corresponds
to the interior Schwarzschild solution.

7. Conclusion

The preceding sections were intended to show that
a theory of gravitation can be constructed which
closely mimics Einstein’s theory but gives up the
principle of minimal coupling. The theory suggested
differs from General Relativity in the inside of mat-
ter, especially in regions of high density and density
gradients. At this point of investigation, it looks as
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if the theory were free of conceptual and mathe-
matical inconsistencies. Nevertheless, much further
work must be done in order to make sure this claim
(Cauchy initial problem, thermodynamics, kinetic
theory, electromagnetism, post-Newtonian approxi-
mation, further exact solutions of the field equations,
cosmology etc).

Two principal objections to the theory suggested
here remain to be overcome: (1) the arbitrariness
of the new constant [/, of dimension length; (2) the
ambiguity in the choice of the Lagrangian. Other
possibilities than the one studied here are available.
One may start, for example, from the scalar in-

* *
variants *R’/”"a R.s,s or R¥®R 4.5 in place of R, in
the matter part of the Lagrangian. Furthermore the
coupling of matter variables and curvature can be
done in a more geometrical manner. I shall report
on such different approaches separately.

The study of gravitational collapse which was
barely touched upon needs further elaboration. This
is of special interest as many workers in the field
seem to believe that gravitational collapse can be
haltet solely by considering quantum phenomena.
The breaking of minimal coupling suggests an ap-
proach to this problem in the framework of classical
macroscopic field theory.

Gravitational theories without minimal coupling
seem to be a very interesting subject for study if
only for the reason of obtaining a better under-
standing of the exceptional role played by Einstein’s
theory.
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